Abstract: Urban public transport is a sustainable transportation strategy. Promoting public transport is an important means of urban transport sustainable development. Reasonable operation scheduling can increase the attractiveness of public transit systems and be conducive to the sustainability of transportation systems. Setting headways on a bus route is the key work of bus scheduling. For the refined management requirements of bus scheduling, this paper comprehensively considers the influence of three uncertainties on the bus route headway: passenger demand elasticity, which is an elasticity with respect to the supply of service, the randomness of the bus travel time between bus stops, and the abandoned passengers flow. A bus route headway allocation model is established. Considering the attractiveness of bus traveling and the interests of passengers, the objective functions are the maximum number of passengers waiting for the bus at each stop and the minimum number of passengers who fail to board. An enumeration combining a recursive algorithm under Monte Carlo random simulation conditions is designed to solve the problem. A comparison of the optimal bus departure interval (headway of the origin stop) under different conditions is studied using a numerical case. Under the same conditions, the results show that the model proposed in this paper can reduce the passengers waiting time and attract more passengers traveling by bus and it also meets the goal of sustainable public transport well. These findings are significant references for optimizing bus operations considering these uncertain factors.
Introduction

Backgrounds
With the growing volumes of passenger and freight flows in recent years, many scholars have put forward a range of research viewpoints on how different transportation modes can better meet needs, and improve transportation efficiency and service levels, such as airline transportation [1] , liner shipping [2] , passengers railway transportation [3] and also BRT (Bus Rapid Transit) transport system [4] . The same for bus transportation systems, as it is necessary to develop novel engineering concepts to improve performance. The urban bus system is of considerable significance for the sustainable development of transport systems and also the robust operation of society [5] . A proper bus operational system is critical in the view of increasing passenger demand. The allocation of bus headway is the basic task in realizing scientific bus dispatching and a reasonable bus headway can increase the attractiveness of bus traveling, as well as be conducive to the implementation of sustainable development strategy of transit priority. But the bus frequency is affected by many factors,
Literature Review
The headway allocation problem is complex, so early research usually took the fixed passenger demand or fixed bus travel time as the assumptions, and proposed many models with different objectives, such as passenger waiting time [6, 7] , passenger cost [8] [9] [10] , bus system fulfilment [11, 12] , the profit of both passengers and the bus enterprise [13] , etc. However, it is well-known that bus travel time between bus stops is not fixed and it will fluctuate according to various factors such as traffic jams and accidents, etc. Passenger demand will also change with many factors.
With the development of operational scheduling intelligence and the refinement of operational management, researchers have gradually explored the impact of uncertain passenger demand and random road traffic conditions on the bus headway and the frequency allocation problem under uncertain conditions. Wang Chao et al. [14] introduced a congestion coefficient to describe the impact of road congestion on the bus headway and constructed an optimization model under the uncertainty of the bus headways. Chen Weiya et al. [15] considered the randomness of the bus traveling time between stops, which influences the vehicle load inhomogeneity, and proposed a frequency optimization model under random bus traveling time conditions. Li [16] considered the randomness of factors such as passenger arrivals, bus travel time, and boarding/alighting when optimizing the bus headways. Luigi dell'Olio et al. [17] put forward a bi-level which allows buses of different sizes to be assigned to public transport routes, thereby optimizing the headways on each route in accordance with observed levels of demand. Sharma et al. [18] built a single bus line headway optimization model considering the case of balking and reneging. Ceder [19] proposed that passengers leaving the stop were among the passengers who failed to board because of the waiting time (or headway) and established a frequency allocation model. Delle Site and Filippi [20] developed an optimization model, which optimized bus corridors with short-turn strategies and variable vehicle size. Yulin et al. [21] analyzed the possibility that passengers who failed to board due to vehicle overcrowding would have the choice of waiting for a subsequent vehicle or leaving the stop to seek another mode of transportation. Herbon [22] considered the passenger demand elasticity of the stop, and used the generalized newsvendor model to establish the bus frequency and vehicle capacity optimization model. Verbas [23] analyzed the effect of the elasticity of passenger flow on the bus frequency, and proposed a method for calculating the space-time elasticity of passenger flow, also introducing space-time elasticity into the frequency allocation model. Tian [24] extended Verbas's model and established a frequency optimization model based on stop demand elasticity, the objective functions of which are the minimum of a bus single trip time and the maximum profit of bus operators. Frei et al. [25] estimated and discussed stop-level transit elasticities with respect to service frequency, while some scholars have also assumed that passenger travel demand is related to the distance between stops [26] . In order to estimate ridership elasticity, Verbas used three main methodologies with respect to headway, compared in the context of a transit network frequency setting framework [27] . Hadas Y et al. [28] presented a new approach of frequency setting by enabling the use of stochastic properties of the collected data and its associated costs within a supply chain optimization model. The collected studies above optimized the bus headway from different perspectives, or taken the fixed bus travel time and passenger demand as assumptions, or considered the uncertainty of bus travel time, or considered the uncertainty of passenger flow (passenger demand elasticity or some passengers leave the stop because of failing to board or the long waiting time). But there is essentially no study that considers all of these uncertainties comprehensively. Thus, this paper proposes a bus headway optimization model that takes the three main uncertainties into account: the passenger flow elasticity, the randomness of the bus travel time between bus stops and the abandoned passengers flow. Considering the attractiveness of bus traveling and the interests of passengers, the objective functions are the maximum number of passengers waiting for the bus vehicle at each stop and the Sustainability 2019, 11, 2823 3 of 13 minimum number of passengers who fail to board. By considering the three stated uncertainty factors comprehensively, the model is more robust and is more in line with the actual production and operation of most bus routes.
Problem Description and Modeling
Variables and Symbol Descriptions
The variables and symbols used in this paper are shown in Table 1 . 
Description of the Problem
This paper mainly addresses the problem of bus headway allocation in the operation mode when all stops are served but under uncertain conditions. Without loss of generality, this paper assumes that there are K stops on a bus line, and several vehicles need to operate n single trips from the origin stop (k = 1) to the last stop (k = K) within a given time period. The problem to be solved in this paper is to find the optimal headway of the line under passenger demand elasticity, the randomness of the bus travel time between bus stops, and the abandoned passengers flow conditions. The model below is mainly based on study [15] and refers to some results of the literature [22] [23] [24] stop (k = 1) to the last stop (k = K) within a given time period. The problem to be solved in this paper is to find the optimal headway of the line under passenger demand elasticity, the randomness of the bus travel time between bus stops, and the abandoned passengers flow conditions. The model below is mainly based on study [15] and refers to some results of the literature [22] [23] [24] 
Passenger Demand Elasticity
The passenger demand at stop k is defined as the number of passengers waiting to board at stop k in a single trip, so the passenger demand of stop k is Qk = WBk. WBk consists of two parts. The first part is the number of passengers arriving at stop k during a headway, and the second part is the number of passengers who fail to board because the bus is overloaded and then choose to wait for the subsequent vehicle. The passenger demand elasticity at stop k in this paper refers to the elasticity of the arrival rate, which reflects the number of vehicles serving stop k.
The passenger demand elasticity in this paper relates to the number of vehicles serving the stop. The passenger demand elasticity coefficient ε is related to the historical data of the passenger flow and headway of the time period, bus route and bus stop. It is therefore not affected by the number of buses currently serving the stop, and remains unchanged. Elastic theory in research such as the work by Verbas [23] is used in the single bus service mode of this paper, meaning the elasticity of the passenger arrival rate at stop k with respect to the number of vehicles serving that stop. So, according to the literature [24] , combined with the model in this paper, the passenger arrival at stop k is as follows:
The number of vehicles n in study period T can be expressed as ; Ck is a passenger arriving constant, which is determined by H0 and λk0 before the optimization of the bus route. It is, therefore, not affected by the change of the current headway. Therefore:
To organize the above formula, λk can be expressed as:
Therefore, the number of passengers arriving at stop k during the Hik period can be expressed as: 
The passenger demand at stop k is defined as the number of passengers waiting to board at stop k in a single trip, so the passenger demand of stop k is Q k = WB k . WB k consists of two parts. The first part is the number of passengers arriving at stop k during a headway, and the second part is the number of passengers who fail to board because the bus is overloaded and then choose to wait for the subsequent vehicle. The passenger demand elasticity at stop k in this paper refers to the elasticity of the arrival rate, which reflects the number of vehicles serving stop k.
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Therefore, the number of passengers arriving at stop k during the H ik period can be expressed as:
Abandoned Passenger Flow Calculation
When the vehicle is overloaded, passengers who are unable to board at the stop will choose to either wait for the next bus or leave the stop to take another mode of transportation [21] . The loss of passengers is defined as the abandoned passenger flow in this paper.
Let
γ which is related to the waiting time of the passengers who fail to board (the headway of the vehicle i and i-1 at stop k). Therefore, after vehicle i arrives at stop k, the proportion of the abandoned passenger flow can be expressed as:
The abandoned passenger flow LP ik can be expressed as:
The number of passengers who fail to board and still choose to wait for the next bus at stop k can be expressed as:
The passenger demand for vehicle i at stop k is equal to the number of passengers waiting to board vehicle i at stop k, which means WB ik = Q ik . So WB ik can be expressed as follows:
The calculation of the above variables needs to be performed for the subsequent analysis process, as follows:
When vehicle i arrives at stop k, the vehicle's remaining capacity RC ik can be expressed as:
It is assumed that the number of passengers alighting is subject to the binomial distribution, and that the proportion of passengers alighting relative to the total number of passengers on the bus is ρ k . Therefore, A ik can be expressed as:
The number of passengers who could board vehicle i is influenced by RC ik and WB ik , so:
Due to the limitation of the vehicle capacity, not all of the waiting passengers can board. The number of people who cannot board is related to RC ik and WB ik when vehicle i arrives at stop k.
Sustainability 2019, 11, 2823 6 of 13
When vehicle i leaves stop k after service ends, the number of passengers in the vehicle is as follows:
Random Travel Time Between Bus Stops
The expected traveling time between stops is affected by the distance and road traffic conditions etc. Considering the impact of these factors, the actual traveling time between bus stops fluctuates around the expected time. According to Mishalani et al. [29] and Hadas and Shnaiderman [28] , the time of vehicle i traveling from stop k-1 to stop k is as follows:
where µ ik denotes the expected traveling time of vehicle i running from stop k − 1 to stop k, and ξ is a normally distributed disturbance term with an expected value of zero. Since the running time of the bus between the stops is random, the headway of the adjacent vehicles will also change with the randomness of the travel time. Thus, the dynamic headway H ik can be expressed as:
Since H ik refers to the headway between vehicle i and vehicle i − 1 at stop k, the influence of the passengers' arrival during the passenger's boarding/alighting is ignored. The dynamic headway is mainly due to the vehicle travel time R. The randomness of the headway can be obtained according to a certain probability function.
It is assumed that passengers board/alight at the same time, so the time that vehicle i spends at stop k depends on the maximum of the passengers' boarding time and alighting time at the stop.
Mathematical Model
The Assumptions
Without any loss of generality and rigor, the conditions of the model are defined according to the actual operation situation.
(1) Passengers arriving at the bus stop obey a certain probability distribution of first-come first-served. ( 2) The number of passengers alighting is proportional to the total number of passengers on the bus when the bus arrives at the stop. (3) Passengers board and alight at the same time and the bus service time at the stop depends on the maximum time of passengers boarding/alighting. The time per passenger to board/alight is constant. (4) The capacity of the vehicles on the same bus route is the same and is fixed; (5) The traveling time of vehicles serving the same route is the same probability distribution and independent. (6) The departure stop in the bus route has a sufficient number of buses to ensure daily operations.
Model Description
This paper establishes an optimization model for the bus headway with two objective functions Z 1 and Z 2 . In order to increase the attractiveness of bus traveling and focus more on sustainability of Sustainability 2019, 11, 2823 7 of 13 bus system, the maximum number of passengers waiting for the buses at each stop is used as Z 1 , so it can be expressed as the following:
The number of passengers who fail to board should be the minimum to express the passengers' interest. This part of objective function Z 2 can be expressed as:
Objective function normalization:
The first constraint condition (20) represents the upper and lower limits of the bus headway of the first stop, wherein the minimum interval is determined by the bus enterprise according to its own resources, and the maximum interval is prescribed by the government department to ensure the minimum service level of the bus. The second constraint (21) represents the range of the proportion of abandoned passenger flow; the third constraint (22) represents the number of people who can board when vehicle i arrives at stop k. The fourth constraint (23) indicates the number of passengers who fail to board. 
Case Analysis
Experimental Line Description
There are 21 bus stops in a bus route, k = 1, 2, 3...21. The optimization period of this paper is from 6:10 a.m. to 7:10 a.m. which means T = 60. It is assumed that it takes 3.0 s per passenger to board and 1.8 s to alight, which is α = 0.05, β = 0.03 [15] . The other related parameters and passenger flow data are shown in Tables 2 and 3 . The distribution law of passenger flow for this route is shown in Figure 3 . The passenger flow has two peaks in the spatial distribution. 
Determine the Weight of the Objective Function
The model is solved by MATLAB, and the iteration step length is 10 s [15] . The objective function consists of two parts. The total number of transported passengers is regarded as a key factor in determining the weights of the objective functions in this paper. The results under different weights are shown in Table 4 . As we can see, the total number of transported passengers under the weight of 0.1/0.9 is larger than other sets, which means more passengers choose to travel by bus. Thus, the weight of Z 1 /Z 2 in this case is set to 0.1/0.9. 
Determine the Number of Algorithm Repetitions
The random number generated during the Monte Carlo simulation process will cause the optimal value of the output to fluctuate, resulting in random errors. The method for solving this random error is to get the expected value of multiple calculation results as the final result. In this paper, six sets of experiments are set up, and the algorithm is repeated once, 10 times, 50 times, 100 times, 200 times, and 300 times. Each of these experiments tests 10 times to get 10 departure intervals, and analyzes the trend of the solution under different numbers of repetitions. The trend is shown in Figure 4 .
As the number of repetitions increases, the ten values of each repetition have a clear convergence trend, indicating that the results are more stable. When the algorithm is repeated 300 times, the intra-group variance of the 10 values is 0.0023 and any one of the results can be used as the final value.
optimal value of the output to fluctuate, resulting in random errors. The method for solving this random error is to get the expected value of multiple calculation results as the final result. In this paper, six sets of experiments are set up, and the algorithm is repeated once, 10 times, 50 times, 100 times, 200 times, and 300 times. Each of these experiments tests 10 times to get 10 departure intervals, and analyzes the trend of the solution under different numbers of repetitions. The trend is shown in Figure 4 . As the number of repetitions increases, the ten values of each repetition have a clear convergence trend, indicating that the results are more stable. When the algorithm is repeated 300 times, the intragroup variance of the 10 values is 0.0023 and any one of the results can be used as the final value. 
Comparative Experiment
So as to determine the influence of the three factors on the model objective function and the departure interval, this paper combines the three factors, and eight sets of comparative tests were set up. The results are shown in Table 5 . 
Analysis of Results
The results from the eight sets of experiments are shown in Table 5 . After analysis, the following conclusions can be obtained.
It can be seen from Table 5 that the total number of the transported passengers in Scenario 8 is larger than other experiments. It also shows that the optimal departure interval in Scenario 8 is the shortest one and the average waiting time per passenger is less than others, which coincides with Welding's findings [30] . The above results indicate that the proposed model improves the attractiveness of the bus system and serves more passengers by considering these three uncertain factors comprehensively.
Conclusions
This model takes into account the randomness of the running time between bus stops, passenger flow elasticity at the stop, and the abandoned passenger flow. The objective functions are maximizing the number of passengers waiting for the buses at each stop and minimizing the number of passengers who fail to board. It is more in line with the reality of bus operations.
The model proposed in this paper promises to transport more passengers by considering those three uncertainties. As for the whole transit system, the model we proposed can attract more passengers traveling by bus and positively promote the sustainable development of the public transport system.
Passenger flow elasticity is the sensitivity of the passenger arrival rate to the number of public transportation vehicles. The departure interval affects passengers' abandonment behavior and that conforms the decision-making behavior of the passengers. Therefore, this model is closer to the reality of bus operation and increases the robustness of the model by considering these three uncertain factors comprehensively. Thus, it provides another view for bus enterprises to optimize and refine the headway as well as provides a reference for the government to promote public transport development.
But there are also some limitations in this model, which can be solved through further study. The passenger demand elasticity in this study is an elasticity with respect to the supply of service, and thus ignores the influences of other factors such as ticket price and land use around bus stops, etc. Additionally, there are also no economic parameters considered directly in the modeling, such as passenger's cost or bus operation cost, so some economic factors can be added in future modeling to make the model more intuitive in comparison with other studies.
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